An exact evolution equation, the functional generalization of the CallanSymanzik method, is given for the effective action of QED where the electron mass is used to turn the quantum fluctuations on gradually. The usual renormalization group equations are recovered in the leading order but no Landau pole appears.
procedure has been developed later [3] , as well as other schemes involving a 'smooth cut-off', i.e. where the Fourier modes are suppressed by means of a smooth, regulated version of the step-function and the evolution of the effective action is sought [4, 5] . The work presented here, although being quite different from a formal point of view, is actually motivated by the smooth cut-off scheme for the evolution of the effective action. The difference compared to that method is that the suppression depends on the amplitude rather than the characteristic wave-length of the modes. This method has been developed for a scalar model [6] where the usual RG equations were recovered in the U.V. regime, i.e. where the mass is close to the cut-off. The same functional method has also been used in the context of QED [7] for external field [8] where the evolution of the 1PI generator functional with the amplitude of the external field led to the dependence of the 1PI Green functions on the external gauge.
Evolution equation: We start with the following bare Lagrangian in di-
where T µν and L µν are respectively the transverse and longitudinal parts of the inverse photon propagator, and the gauge parameter α characterizes the gauge fixing. The parameter z is introduced to control the amplitude of the fluctuations. For z >> 1 the theory is dominated by a free mass term contribution and is perturbative. As z decreases the interaction with the gauge field becomes more important and quantum corrections increase in amplitude. Our aim is to study the evolution of the 1PI generator functional Γ z in z. The functional W z of the connected diagrams is given by
and Γ z [ψ, ψ, A µ ] is defined as the Legendre transform of W z ,
(note that the fermionic suppression term is included in this definition). The functional manipulations which lead to the evolution of Γ z are the same as those discussed in detail in [8] ,
where 'Tr' denotes the trace over space-time and Dirac indices. The inverse matrix δ 2 Γ −1 has to be taken with respect to the field variables, space-time and Dirac indices. We stress that Eq. (4) is exact and does not make reference to any truncation of any sort. Note the similarity between Eq.(4) and other RG equations [5] . This similarity reflects the qualitative agreement between the usual momenum flows and our method, as we will discuss at the end of this paper.
Gradient expansion: In order to find an approximate solution of the evolution equation we make an expansion in the amplitude and the gradient of the fields and use the ansatz
where the photon and fermion propagators are
with 
which will be obtained by expanding in the diagonal part Γ
∆ in momentum space,
∆ . We obtain in this manner the result
where
and the tilde stands for the transposed in momentum and spinor spaces. The evolution equations read finally as
The following remarks are important:
• The photon does not acquire a mass in the evolution with z.
• The longitudinal part of the photon propagator does not evolve with z. Accordingly, the fluctuations do not generate longitudinal photons and the Landau gauge (α = ∞) is preserved by the evolution with z.
Furthermore a technical point, it is the evolution equation of the fermion mass only which needs regulator, the other equations are divergence-free with the given effective action ansatz.
To compare this result with the traditional method based on the loopexpansion, note that the change zm 0 → (z + δz)m 0 of the bare electron mass changes the fermion propagator as G → Gδzm 0 G in the internal lines of the Feynman graphs. This observation, the starting point of the CallanSymanzik method is sufficient to realize that the evolution equations (11) can obviously be written as
whose integral gives immediately
the usual one-loop corrections to the 1PI functions appearing in the ansatz (5).
Beta functions: The computation of the integrals is straightforward and leads to the following result,
where the prime denotes the derivative with respect to z. One can simplify this set of equations and remove the 1/ε pole in the evolution of the fermion mass by taking a derivative of the evolution of m(z) with respect to µ,
Since the only scale left is m 0 we have m(z) = m 0 φ(z), where φ is a dimensionless function. Therefore, the finite evolution equations are
where β T = β. In order to compare these scaling laws with the one-loop result, we start with the initial conditions φ(z 0 ) = 0 and Z(z 0 ) = β(z 0 ) = 1 and keep in Eqs.(16) the terms of the order e 2 only,
in the Feynman gauge (α = 1). These equations are valid for z >> 1 and agree with the well-known one-loop results [9] when the identification z/z 0 = k 0 /k between the parameters of our scheme and the traditional RG method is made, i.e. zd/dz = −kd/dk. One can understand this by noting that the decrease zm 0 → (z + δz)m 0 of the electron mass influences mainly the propagation with momentum p ≈ zm 0 . In such a manner the modes whose dynamics is included in the effective action as z decreases (dz < 0) are approximately those which are included in the traditional RG step when the momentum scale of the cut-off is increased from p = (z + δz)m 0 to p = zm 0 . This picture is lost for 1PI graphs containing two or more loops since the momenta of the internal loops appear as another scale which modifies the effect of the changing regulator parameters in a more complicated way. Landau pole: It is interesting to note that the integration of equation (17),
reproduces the well-known one-loop value of the Landau-pole,
But the essential difference is that while the traditional Landau-pole is obstructing the further increase of the UV cut-off, the pole in the present scheme prevents us to further decrease the bare mass and indicates some problem with large amplitude quantum fluctuations. Since the initial condition of our evolution equation is already an effective potential corresponding to the regulated theory with a fixed cut-off the UV Landau pole can not be seen in our scheme. In both cases the pole reflects the problem that the loop corrections dominate the tree-level part of the effective action when 'too many' modes are treated in the one-loop approximations. But this singularity is an artifact of the autonomous solution of the truncated equation (17). Instead one should allow the other parameters, at least the fermion mass to run, as well. For this end we write the evolution equation of β(z) as 1
which gives β
after using the first equation in (16). It is easy to integrate this equation and we find by means of the help of the original differential equations the form
This shows that β(z) is non-vanishing for any value of z and therefore this Landau pole is actually avoided by the evolution of the fermion mass and there is no problem to reconstruct the physical theory at z = 0. It is remarkable that the mechanism this happens, a running fermion mass, is actually the same how the Landau pole is claimed to be avoided in lattice QED by the spontaneous breakdown of the chiral symmetry [10] . Conclusion: To conclude, we stress the analogies between the momentum dependence traced by the usual renormalization procedures and the dependence on the amplitude of quantum fluctuations. We showed that the leading order scaling law corresponding to small amplitudes (i) agrees with the traditional scaling law of the U.V. regime and (ii) is independent of the choice of the gauge as shown by Eqs.(13). The present work is the first step towards an extension of the renormalization scheme based on the field amplitude for non-Abelian gauge theories where a suitable gradient expansion should provide us with a deeper insight into the dynamics of the I.R. regime.
